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In this paper the authors obtain a theorem of expansion, related to the 
Ilchler-look Integral expansion, of an arbitrary function in form of an lnte- 
gral and In term of spherical functions. Below, a method Is given for sol- 
ving boundary value problem encountered in mathematical physics and in the 
theory df elastloity for a hyperboloid of revolution of one sheet. 

1. PIwoawbloa, In the process of solution of many problems of mathe- 

mtlOa1 physics an important part is played by the representation of an 

arbitrary f’unctlon defined Dn the Interval (1, -) , in form of Mehler-Fok 

integral Cl to 33 

f (z) = 5 ztmh JWP-l/,+is (x) dz 1 f (y) p-i/2-Lis (.!I) d!I (I<s<w) (W 

0 1 

where P,(X) is a spherical Legendre function of the first kind. 

In particular, the above representation appears when the method of sepa- 
ration of varlables ie applied to harmonic boundary problems for the regions 
bounded by the surface of a hyperboloid of revolution of two sheets, or by 
the surface of Intersect1 n of two spheres [3 to 53, or to some problems In 
the theory of elasticity P 61. 

In this paper we shall consider the following Integral expansion 

f (3) = f!! ( ‘-%+iT tiz) +m2p-1/e+i~ (- i5) 1 f (yJ p_~,,+i, (iy) + I_l,,iT (- iy) dy+ 

0 --a, 

whloh representa an analog of 
In the region8 bounded by the 

eheet. 

-ca (--<s<m) (W 
(1.1) for the boundary value problems existing 
surface of a hyperboloid of revolution of one 
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For a narrower class of functlon8, the representation (1.2) can also be 
obtalned from the general theory of expanelon of the linear, al 
fercntlal operators In terms of thelr characteristic functions ( 
2, pp.454~455 and [a], pp.llg-lx)). 

nF 
ular dlf- 
73 Section 

The aim of this paper Is to give a direct and relatively simple proof of 
Formula (1.2) which would be based on direct lnveatlgatlon of the properties 
of apherlcal functions and which would establish the validity of this formula 
for a wide class of functions. We ahall present the results of this lnvestl- 
gatlon ln form of a theorem. 

Theorem . Let f(x) be a given function defined on the interval 

(-a, - ) and eatlsfylng the following conditions. 

1) Function y(x) la piece-wise continuous and possesses a bounded varl- 

atlon In the open interval (- (D, o ) . 

2) Further, 

~(z)(Z(-“+l(1+ IZl)EL(--, -a) 
f(x) x-‘/z In (1 -j- 2) E L (a, 00) (a > 0) 

Then, we have 

+ If (5 4- 0) + f (5 - (91 = (--<<5<~) (W 

= fs {p-Vz+~~(iz) +:-lll+iz (- iz) 1 f t,y) P_t,2+i, (iy) +:_l,,+ir (- iy) dy + 

0 -02 

+p 

-‘/,-l-is (is) - ‘_,,,+jl( - iZ) ” _ 
2i s f cy) p-Ya+i7 (iY) JP_x/,+1, (- iY) dyj dz 

--oo 

In particular, for the even function 

$ rf (x + 0) + f (5 - @I = (--<~<~oo) V-4) 
03 

= ’ ~taoMW p-y,+i, (iz) + PA,,+~~ (- is) 2pp 
s 

(iY) + P-I,,,, (- iy) 
cOdrm 2 2 -dy 

0 0 

while for the odd function 

~r~(~+q+f(~-w = (--<<zc=J) W) 
co 

= 2- 
5 

ztUMCT ‘-l/,+ir tis) - ‘_l,*+i, [- iz) 
Co&ITT Zi 

dz f f (y) ‘-l/s+ir (‘Y) -2r-‘/s+iT (- i!d dy 

0 0 

Last two formulaa remain valid also for the functions defined on the 

Interval (0, = ) and satfafylng the condition8 (*) 

1) y(x) 18 piece-wise contlnuoua and poaeeesee a bounded varlatlon In 

the open interval (0, w ) 

2) f (4 EL (0, 4, f (%)x-‘/2 In (I + ic) E L (a, oo), (a> 0) 

9. law l m*&m*B ud -10 so~mnba~laar o? rphoFloaa fwhobloar. 
~lo;ttll begin by establlshlng 6ome neoewary properties of spherical Funo- 

. From the definition8 of Legendre fun&Ions P, (z) and Q, (z) (Q, (zj we 

l ) These condltfone do not presuppose that the funotlon f(s) Is finite 
when x w 0 . 
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functions of the second kind) it follows that, for any complex v 

k 
V-‘/t (rinh al - ‘V-V, (- i&a) = r (l/z + v) sin (l/z fiv - l/4fi) 

2i y-m (II + 9) pzi - x (2*2) 

X{eavf’(+~ $9 1$-v, &)-e-avF(+, +, l+v,,&j} (-cx2<a<00) 

QY-ll,(iainW + Q,+, (- idobz) fi l/Z r (% + v) sin (V2 m - ‘la n) 

2 
=_- ( ) 2 r (2 d- Y) yi-iiz x 

x e-=vF ;_ 
i 

I ++v.&) (a>,O, v#- 2n - 1/2, n = 0, 1, 2, . . .) (2.3) 

QV_l,2 (isinhC0 - Qv_l,t (-- isinha) n 

i j 

3 r (liti -I- y) cos (yz nv - y4 n) x -__ 
Zi ~-=- -- 2 r (1 + Y) +hcL 

i 
(a),O, Y#-22n -s/z, n =O, 1, 2,. . .) (2.4) 

where &, b, o, I) 1s a hypergeometrlc series 

O3 (4,(b), 
F (a, b, c, z) = 2 ___ z 

k 

kEO (C)k k! 
(Izl<U (2.5) 

(h)k=h(h+l). ..(h-t_JC-I), (h), :z 1 

FVOm (2.1) and (2.2), together with the inequality 

I p W21 l!*r 1 + iz, 5) I < F (l/z, I/*, 1, 5) (0\<7<=, Ods<l) 

we easily obtain the estimates for the functions under consideration 

-*/&ir (iz) + ‘Jft+ir (- iz) 

--<s<m) (2.6) 

P-fjs+ir tit) - P_*f,+i, (- is) 
2i I<(feg 2 

“2 PA,* (ix) f- P_,,, (- ix) 

(O<r<=, --<<<<w) (2.7) 

To obtain the asymptotic representations of spherical functions In the 
region 1 v 1 --, cc, 1 arg v 16 l!%n, we shall make use of the fact that every hyper- 
geometric function present In (2.1) to (2.4) can be expressed In the form 



where the estimate of the remalnder (*) la 

Rum the above result, 

e* a 
F (f, +, 1 + Y, -) = 1 + c**’ (ef2= + l)"tO ( 1 V I-‘) 244&a IvI--,-, Iargv I Q ‘/a * 
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w3) 

lhown follows, where 0 la independent of a . Urlng (2.8) together with 
asymptotic formulas for the Wmne functions we find (?a,), that 

P v_,,r (him) + P,_llt (-- i-J 1 

2P,_l,, (0) 
. = P {eav [i + (e20r + If” 0 (I V I-‘)] + 

2-c& 

nvp,_y* (0) $A,* (iw) - P,_l,, (- i -1 
cos nv 2i 

= $=-& (c-=” [I + (e-2= + po (I v I”)] - 

- cav[i +(e'" + i)%O( v I")]} (- 00 <a < OQ, Iv I-+ eo, I argv I <l/*%)(2.10) 

~Pv-J/, (0) Q,_,WW + Qv_z,, (- i&a) 
CO8 nv 2 

= &\ [i + (ee2= + l>"lgO (I v I-')] 

(a>% IVI-, =, l~gv’lf%~) (2.11) 

Q++, (I-) - Q,+ (- iaa) 
2niP,_rl, (0) 

I= - 2+L [I + (e-*’ + 1)%0 (I V l-l)] 

(a>,& IvI--,-, Iargvi<%n) (2.12) 

The above formula6 differ form the ueual asymptotic formulas for spherloal 
functions, in that they aontaln the estimate of the remainder term, which Is 
valid over the whole range of values of the variable a 

3. moo?0?wn~ioamooam, The proof will be carried out eepa- 
rately for the odd and the even caoea (Formulae 

I 
1.4) and (1.5)). ‘Phe vall- 

dity of the theorem for an arbitrary function f r) will then automatically 
follow from 

f (5) = '1% If (4 + f (- 41 + l/2 If (4 - f (- 41 
Let US assume that f(x) la an even function and let UB consider the 

Integral 

*) Here we have used the Inequality 

*4) The multiplier 

P 

1s Introduced here In order to present the formulaa (2.9) to (2.12) In a 
more synmietrlcal form. 
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T 

JG",x)=2 =-_ c ~-r p-*,,+i, (ix) i- P_,lz+is (- is) 

2 --dr +. 
b 

dy (---<x<m, T>O) (3.1) 

The integrmd represents here a continuous function of the ammeter T 
and a piece-wise contlnuoue function v 
(2.6) we have the eetlmate (*) 

In the open Interval P 0, - )+ Prom 

= 0 (1) 1) I f (~1 I dy -I- \ I f (~1 I ?lmLi2 In (f -I- Y) do] 
l , 

0 a 

showing that the integral converges uniformly. Hence, the integral under 
conslderatlon will be a continuous function of’ ‘I 
(3.1) will be meanln&ful, 

, and the repeated integral 
Further, uniform convergence allower us to change 

the order of integration, and write J(T, r) 85 
03 

T 
‘nmbm p-f/2+jT (is) + p_-l/p+i+ (- is) P_,/+is 

K@,y,Tf=2 x s (iyl+ p_,f*+it (- iy) -_ __ 
2 2 ~ f.87 (3.3) 

0 

Since the integrand ia an even function of T , 
iT 

1 ’ 
xfx,~,T)=--~ s 

-_iT 

vt=3sv 
--I___ 

GUS Icv 

+ p,-f,, (- iY1 
2 

dv {3*-q 

Let x be a fixed, poeltlve number. Then, depending on whether 
or U~X, we can represent the kernel X.(X, K, T) in one of the fol ot& Y 

The lntegrands in (3.5) are analytical functions of v , regular (***I on 
the semi-plane Re v 2 0 * Hence, integration along the segment of the 
imaginary az$ia, can, in the following argumentS, be replaced Q? fntegratiun 
along a semicircle rT of radius T in the semi-pli¶ne Re v r 0 . 

in the proceee of thla transformation_ 

***I Zeros of the denominator v -= ii2 (2n -i_ 1), n = 0, 1, 2, . . . cancel with 
the ZeCoB of Q,_y,(z) -f Q,-11, (- 21, when m = 2n , and with the zero8 of 
P “A,, (2) + P,_r,, (- 4 when VI - * + 1 ’ 



Imt UI lnvertlgate the integral J(T, x) when T - - . Ass@ng that 
~-sinha, ~=dnha’, wehmve 

co 

J(T,2)= j f(m’)f( @a,tinha',T)&a'da'+ (j fbnha')YGinba,rtaMx',T)d'M= 

0 u. 

= .I1 (T,dnha) + JZ (T&m) (3.6) 

uang (2.9) and (2.11), we obtain for v = TP(- '/$C dT < '/8X). 

v P,_,,*(itia') + Py_:,,(-- iriabc(') Q,_,,, (i-1 + Q,+,(- i&a) I --. (3.7) 
COSItV 2 2 

1 
p, 

-4&oabawshu 
. -(a-a')v+ e-(a+a')v + e- (a-a') Tcoswo (~-1) + d -(ata’) T CO6 ‘p 0 (p)} 

whfle from (3.5) It follows thatl (*I 
sin(cc-a') T 

Jc (3 -a’) + ;sin(a +a’)T 
32 (a + a’) 

+ 

1 _ ,-(a-a’) Ci 1 _ e- (ata’) T 
+‘(I) (a-u’)T +O(l) @+,$)T (O\<a'<a) (3.8) 

Substitutfng (3.8) Into the first of the integrals of (3.6), we find that 

(3.9) 

Aoaording to the Dirlahlet's theorem, we have, for T - - (**) 

(3.11) 

Further, If the interval of integration Is divided into the subintervals 
(08 a - 6) and (a - 6, 
3 sufflclently large ‘f 

) and If a sufficiently small positive 6 (lmplylng 
T Is chosen, we have 

*) Here WC utilize a known Inequality 
m 

S 35 l-e-AT 
e -XTcoso aq< 2_ hi7 (h),O) 

0 

after transformbg the first of the integrals of (3.5) into the line Integral 
along the arc rT . 
**) Conditions Impoeed on f(x) Imply, that t@n&) ~~EL(O,oo). 
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+ ( If(sim’)I ~~da'=O(T")+o(i)=o(l) I+00 (3.12) 
al-6 

and finally 

=O(T-l)=o(1), T+CQ 
(3.9) to (3.13) leads to 

(3.13) 

(3.14) 

Investigation of the integral J,, is pcrrormed in a almilar manner and 
it leads to 

a 

a 

From this we find, 80 above 

and hence 
(3.17) 

We have proved (3.17) for positive x . It6 validity for x < 0 follows 
from the fact that the functions J(T, X) and y(x) are even functions of X. 
Expression (3.17) can also be shown to be valid for x I 0 , by changing 
slightly the course of reasoning. 

Thus we have for the even case. For 
the odd ca8e the and (2.11) however, 
must be replaced 

4. txunP1.r. (1) Let 

(4.1) 

Using the identity 

PA,,+,, (iz) + P_lll+ir (- ix) 
2 

_ 

where &I t2) 1s an ad.lolnt Legendre function, and applying Theorem (I.&), 
we obtain 



c- 

f(z)=-2 Vu"+1 x (--<<s<m) (4.3) 

p-t/2ti, tia) + p-I/,:it (- iU) P_*,,+iz (ix) + P_lj,+ii (- ix) 
2 2 

dr 

2) Assuming f(r) = (z2+l)-*l~ and taking Into account 

O5 P++i, (4 + P_rr,+i+ (- ix) s 2 
(4.4) 

0 
we find that 

P -‘/,_t;+ (W + P-a/,+i* (-ix) 
2 

do 

(---<x<-) (4.5) 
3) The following expansion represents a generallzatlon of (4.5) 

)1x&+1 = c---<~<~oo) (4.6) 

MWulMW 
= 2s 

s mm p-q,t, (0) 
P-V,+ir fin) + '-l/,+i+ (- W P++t,(W+ P_I!,+i,(- ix) d7 

2 2 
0 

4) In conclusion we shall give an example of expansion of a function 
poaeeeslng an Infinite dlscontlnulty 

f (4 = { 
(a” i xp-“1 1 x I< u 

, lrl>u 
(4.7) 

1 b) = fi fz- P_,,*+i;(o) p_,,*+,, ( I/W) p-v*+iT fix) +ZP_v*+i* (- w tfr (4.8) 
0 

Although the assumption of piece-wise continuity of the function is vlo- 
lated In this case at the points 
(1.5) remain valid. 

x I f 0 , the expansion theorems (1.3) to 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 
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