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In this paper the authors obtailn a theorem of expansion, related to the
Mehler-Fok integral expansion, of an arbitrary function in form of an inte-
gral and in terms of spherical functions. Below, a method is given for sol-
ving boundary value problems encountered in mathematical physics and in the
theory of elasticity for & hyperboloid of revolution of one sheet.

1. Imtroduetion. In the process of solution of many problems of mathe=-
matical physics an important part is played by the representatiqon of an
arbitrary function defined on the interval (1, =) , in form of Mehler-Fok
integral [1 to 3]

f@) = {tub e e (a7 § 70) Py 1<z <o) (1D)
0 1

where Pv(x) i1s a spherical Legendre function of the first kind.

In particular, the above representation appears when the method of sepa-
ration of variables i1s applied to harmonic boundary problems for the regions
bounded by the surface of a hyperboloid of revolutlon of two sheets, or by
the surface of 1ntersect1fn of two spheres [3 to 5], or to some problems in
the theory of elasticity L6].

In this paper we shall consider the following integral expansion

¢ P"‘l »+iT (Lx) —l-- P"l 2+itT (— l‘t) T P—’ ' +iT (ly) + P-I s +iT (— l'y)
j (a) = { Zahite [ - \ £y e dy+
(1] —00
Py (@) — Py, (—izg) T Py i iy)— Py i (—iy)
4 P \ )= P dy} dv
- (— o0 <L z<Co0) (1.2)

which represents an analog of (1.1) for the boundary value problems existing
in the regions bounded by the surface of a hyperboloid of revolution of one
sheet,
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For a narrower class of functions, the representation (1.2) can also be
obtained from the general theory of expansion of the linear, singular dif-
ferential operators in terms of their characteristic functions ([7] Section
2, pp.454-455 and [8], pp.119-120).

The aim of this paper is to give a direct and relatively simple proof of
Formula (1.2) which would be based on direct investigation of the properties
of spherical functions and which would establish the validity of this formula
for a wide class of functions. We shall present the results of this investi-
gation in form of a theorem.

Theorem . Let f(x) be a given function defined on the interval
(-~ e, = ) and satisfying the following conditions.

1) Punction f(x) i1s piece-wise continuous and possesses a bounded vari-
ation in the open interval (— =, = ) .
2) PFurther,
J@)z| a1 +|z])E L(— 00, —a)
f@yz:In (1 + 2) = L(a, o) (a>0)
Then, we have .
S feE+0)+/f=—-0)] = (—oe<z<o0) (1.3)
oo 0o

Ttanh Py i (ix) + Py i, (— i) Py i (Y) 4+ Py i (— 1Y)
=Smn:;t{ /oti . /ot S W) o 5 Yy dy +

V] ~—00
Py ioligy—P_y o (~iz) O Py ieliy)— Py in (—iy)
+ = . /ot S () xt - i dy}df
In particular, for the even function
1
5 [f(&+0)+ f(z—0)] = (—o<zLoo)  (1.4)
o€ ttaonavw Py (i0) 4 Py (—ig) O Pl (i) Py (— i)
—zxoeo.um R d‘r§f(y) = P dy
while for the odd function
e+ -0 = (—oo<zoo)  (1.5)
_ ¢ TtanhTT P-ll. it (i‘t) - P—‘/,+ir (— i.‘l.') ¢ P-l/, it (ly) - P-‘/,-{»i-; (— l‘y)
_2Smm : % d"S Fy) —= % dy
0 0

Last two formulas remain valid also for the functions defined on the
interval (0, = ) and satisfying the conditions (*)

1) r(x) 1s piece-wise continuous and possesses a bounded variation in
the open interval (0, = )

2) f(x) e L(0,a), f@z"In(1 + z) =L (a, o), (a>0)

2. BSome estimates and asymptotic representations of spherical funotions.
We shall begin by establishing some necessary properties of spherical func-
tions. From the definitions of Legendre functions p , (2} and Q, (2) (Q, (z) are

*) These conditions do not presuppose that the function 7(x) 18 finite
when x = O .,
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functions of the second kind) it follows that, for any complex

X @.1)

P‘,_l/E (isinnat) + Pv_,/,(— isinht) _ F (/2 4 v) cos (M v — Y4 :0)
2 V2arl (1 4+ v) Veosna

X {e“l’(-i—, —7}, 1+v.2—£%) —+ eV (%, ‘3*, 14w, %‘;—)} (— oo <L a < 00)

v-t, (aish o) — P, (— isinhat) _T(ftv)sinClav—1amn)
2i V2T (1 4 v) Veosha

o 1 )= e (o v ) <o

X (2.2)

Qy.y, (isinha) + Q,_yy (—isiobx) /5 \'aT (o V)sin (fantv —Yam)
2 - ‘(‘2‘) I'(1 + v) Veosha

_ 1 e
Xe ”F(‘z—- 2,1-{-v, m—) (x>0, vs=—2n -1/, n=0,1,2,...) (2.3)

Q. (isinna) — Q, y/ (— isinhat) e\ 2T (Y2 -+ v) cos (Mo v — /g %)
2 - (_2_) I (14 v) Veosha

v 1 1 e .
X e F(z, 0 L4, zwha) (@0, veE— 20—y, n=0,1,2,...) (2.4)

where r{(a, b, 0, z) 1s a hypergeometric serles

F(a, b,c, z)_E(‘(’c);;(zlx Sk (2] < 1) 2.5
(A')k”"k(7"+1)---(7u+k——1)' (Mg ="
From (2.1) and (2.2), together with the inequality
[F (g ot 4 i, ) | < F (o Yo 1, @) O<T<o0, 0<2< 1)

we easlly obtain the estimates for the functions under consideration
P tppyix (i2) + Py (— 12) (sinnﬂ't)llgp -1y, (%) + Py, (— i2)

2 S\ wT 2
0T << oo, — o0 Lz 00) (2.6)
! P_ypic (i8) = Py (— i) (sii,mt)" Py, (i2) + Py, (—ix)
2i 137 2
Ot <00, —0o Lz 0) 2"

To obtain the asymptotic representations of spherical functions in the
region |[Vv]|—>co,|argv|<Y/,m, we shall make use of the fact that every hyper-
geometric function present in (2.1) to (2. 4) can be expressed in the form

1 1 (M) (M2)
"'(— ,+vz)—1+2(1+"v)kk"’zk=

- z o ChyChY
1+4(1+v)k§0(2+v)k(k+1)!x =1-+4r(v,2),
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where the estimate of the remainder (#) 18

(/2)h 2 z 1 — 3y
4ll+v|f‘0 = e 4T

From the above result, : (2.8)

lr{(v2)|<

F(—l- EIPR cinkd )—-1+etz’(eﬂ“—|-l)1/'0(|VI'l) |v|—>oo, |argv|SYaxn
7 itV gy =1+ '

follows, where 0 1s independent of q . Using (2.8) together with known
asymptotic formulas for the Gamma functions we find (**), that
Py Gsane) + Py, (Ziaahd) 1 oy 2 ayho v ]+
2P, (0) 2 Veosht
e U2+ 0DO(IvIT (oo LaLoo, [v] =00, largv|<<Yan) (2.9)

“V‘Pv-'l: © Pv-'/. (i sinbt) — PV-‘/: (— isinbax) — 1 -av -2a g -1y

— e U DTO( VI (—e<La<L oo, [ V]| o0, |argv|<Yan) (2.10)

P, . O -1y sinh, +Qv~l,(— i sinha ) -av . )
vcos;;\(’)Q o ) L 2;/—[1+(e2 + 1m0 (v ™l
(@>0, |v|—> oo, |arg v L an) (2.11)
Qv_.l (im)-*Qv-x,(—"inha) -y —2a U -
: ZniP, (6) - "’z;/r.m“'“‘ 22 4 1)ho (v Y]
(@>0, [v|=oo, Jargv| < e n) (2.12)

The above formulas differ form the usual asymptotic formulas for spherical
functions, in that they contain the estimate of the remalnder term, which is
valid over the whole range of values of the varlable a

3. Proof of the expansion theorem. The proof will be carrled out sepa-
rately for the odd and the even cases (Formulas {1 .4) and (1.5)). The vali-
dity of the theorem for an arbitrary function f(x) will then automatically
follow from

f@=1"0f @+ f(— D]+ [f(2) — f(— 2)]

Let us assume that y{x) is an even function and let us consider the
integral

#+) Here we have used the inequality

7
<1, arg v -5
](J*V)Kk—o.x R larg V< 5
##) The multiplier
cos v (i+l)p(i_l\
Pv_x/,(o)z on 1,; 4 2 A 2 /

is introduced here in order to present the formulas (2.9) to (2.12) in a
more symmetrlical form.
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T .
tanhyT P, 2 +itT (ix) - P_, it (—iz)
‘”T’i)ng :uhm: : 2 / v +
I (m: P_yie (— 1Y)
+5 f@) -Yytiv . Uyt dy (— o0 <2< o0, T>0) (3.1)

[

The integrand represents here & continuous function of the parameter
and a plece-wise contlinuous function vy in the open interval (O, = ). From
{(2.6) we have the estimate (*)

. 00

¢ Popic (W) + Plyyin (—iy) inh 77" Y2 P_y (ty) -+ Py (—iy)
Hf(y) = 7 ,dg‘“\:(n%‘/ SH{?;)! e dy=
0 0

a [e]

o \t7 @iy +\ 1f @)yt +y) dy}
bt 4 J

showing that the integral converges uniformly. Hence, the integral under
consideration will be a continuous function of + , and the repeated integral
(3.1) will be meaningful. Further, uniform convergence allows us to change
the order of integration, and write J(7, x) as

11,0 =10 K@y (3.2)
0

T .
d Py i)+ Py oo (—i2) Py (iy) + Py e (— i)
TtanhUT £ 1/,447 —1ftit =Ytit [atit
K (1:: ¥ T) = 23@!1“1 2 3 dv (3»3}

0
Since the integrand is an even function of =« ,

iT . . s .
1T unny Pooy (i2)F Py, (—i2) Pyy, (9)+ Puy, (—i0)
KewD=—7 ) T : 2 v @)
—iT

Let x be a fixed, positive number. Then, depending on whether < x
or y 2 x , we can represent the kernel X(x, y, T} in one of the following

forms (™) (3.5)
iT .
2 Py, Giy) + Py (— 1) Qs (i2) 4 Qy yy, (— iz)
K@y T)=3r S co:nv , 2 f l 2 / v <)
~iT
iT . . .
2 Py, iz} + Pv__lf'!(— i) Qys o () -+ Q,,_:f' (— iy}
Ky T = \ oo s ALk av (>
—iT

The integrands in (3.5) are analytical functions of v , regular (*#%) on
the semi-plane Re y > 0 . Hence, integration along the segment of the
imaginary axis, can, in the following arguments, be replaced by integration
along & semicircle I‘T of radius 7 in the semi-plane Re vz O .

1

») P-:/,(iy} + P_xt/2 (—iy) {0 (1), y<{0,a)

Z T oWy ™at ty), yE(a, )
##) A relation “““‘“"Pvn‘/g(z)=Q.-v—'/,(z)“‘Qv--/,(z) was taken into consideretion
in the process of this transformation.

###) Zeros of the denominator v = Y, {Zm-+ 1), m = 0,1,2,... cancel with
the zeros of Q,..,(2) + @,y (— 2}, when m» = 2 , and with the zeros of

Py, (2)+ Py (—2) When m =20 +1 .
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Let us investigate the integral (7, x) when T - « . Assuming that
x = sinh g , y = 8inh o’, we have
[0 ]

J(T, 2)= S f (inkit”) K Ginhet,sinh@”, T)coshar” dot” -+ S f inhar’) K (sionct, sinhat”, T)eosntt” dot” =
(] a

=J1 (T, sinhat) + J5 (T, sinbat) (3.6)
Using (2.9) and (2.11), we obtain for v = Te® (— Yn <@ < Yy 7)-
v PV-'/: (llillha') + PV-’/; (— lml) Q“‘l/_: (im) + Q“'t/l (-— iﬂlllla) — (3_7)
cos [V 2 2

— 1 . {e-(a—a')v o+ e-(a+a')v + e-(a—a’) Tcose 0 (T—l) + e—(aw’) Tcoso 0 (T'l)}
4 ]/colbdcoﬂﬂ.

while from (3.5) it follows that (%)

. —— sin(a—a')T | sin(a+a)7
Ktnnha.-im,T)—Vm{ aa—a) T xeto) T
| — e~(a-a)T { — g~ (a4+a)T '
+0(1)W+0(1)W—‘} 0<a<a) (3.8)

Substituting (3.8) into the first of the integrals of (3.6), we find that
1y q" e g M .
‘coshet” \ *8in a—a)T o 1 ) sin(a4a’)T
n, a)——Sf(ma)(ma) O o + ;Sf(m)(fm"‘"“) e o 4

’ Yaq — ~(a-a’)T
”““"‘“”(‘m ) =T+

+o)

s | — g~(a+a)T
| b () T (3.9)

+0(1)

\/1. C_3R

According to the Dirichlet's theorem, we have, for 7T = = (##)

{1 ¢ M ot —_—a)T
-;Sf(sha')m) ““f_;) da‘=-%—f(ﬁm.a—0)+o(i) (3.10)
0

1 e 2% LY
-,‘-Sf(m')(‘::‘;;) SREENT dr=oq) (3.41)

Further, if the mterval of integration is divided intoc the subintervals
(0, « — 8) and (a — &, q) and Af a sufficiently small positive & (implying
31 sufficlently large T) is chosen, we have

#) Here we utilize a known inequality
l/ 0]
¢ AT Co89 g L i_i (A>0)
PST T
0

after transforming the first of the integrals of (3.5) into the line integral
along the arc T

#%) Conditions imposed on f(x) imply, that fginna’) Veosha’©L (0, oo),
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¢ comma'\ 1 { — g~(@-a)T y %t .
S| f(suma'n\w sha) =T do’ < 57 g | f Gioda’) | Veoshet! da’ -+
0 0

+ Q [f @inha’) | Veosha'do = O (T +o(1)=0(1) T > oo (3.12)
a’3
and finally
¢ ha'\7 § o g"(@+a)T g ¢ —_
Su(ma'n mh‘;) (af{_ 7T da'<ﬁ8| f @isha’) | Veosha! do’ =
0 0
=0(T")=0(1), T—ooo (3.13)
(3.9) to (3.13) leads to
Tlixono Jy (T, sinbt) =1/, f sinhax — 0) (3.14)

Investigation of the integral ., is performed in a similar manner and
it leads to

i 0

' \'h —
R = =
1 ., feosha’\'s8in (@' ¢ )T |
S ”'“‘ha)(cosha) «Fa -t

g Re"8

"y { — g~(@’~a)T
+0(1) |f(ma’)lm) 1(cz'e—vz)T '+

coshy’ )1/’1 — e-(d'-l-!)T

+ 0(1) l f (linha') | (mha (a' + a) T da' (3.15)

ﬂmg R

From this we find, as above

'}im J3 (T, sinha) = 1/a f finha -} 0) (3.16)
and hence Hm I (T, 2) =3 1f (24 0) +1 (O] (3.47)

We have proved (3.17) for positive x . Its validity for x < O follows
from the fact that the functions (7, x) and s(x) are even functions of x.
Expression (3.17) can also be shown to be valid for x = O , by changing
slightly the course of reasoning.

Thus we have proved the expansion theorem (1.#% for the even case., For
the odd case the proof 1s analogous. Formulas (2.6),(2.9) and (2.11) however,
must be replaced by (2.7),(2.10) and (2.12), respectively.

4, Examples. (1) Let

1, |=z]<

re={0mSe 1)

N

Using the identity

Py (2} + Py (— i) 1 d Pl_l,' (i‘”)‘*‘P.l.l/,‘ (— ix)
fatit 5 atit ="‘1/4+rz£l/w“+1 Jatit y +it (4.2)

1
where (Py(’) is an adloint legendre function, and applying Theorem (1.4),
we obtain
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fle)=—2Va+1 X (— o0 L7 00) (4.3)
(io Tanhy(T P-l/,lﬂf (ia) + P_I/'i,-, (—ia) P-l,,.ug (iz) + P-!/,+i1 (—iz)
X 0 T P dt
(2/4 4 T*)cosh T 2 2

0
2) Assuming f(r) = (2% 4 1)"': and taking into account

| P, (i) + P_y i, (—im) dr n
—Ygtiv g +it _ 3 .
OS ; T = v (Pote O (4.4)
we find that o p (i) 4 P (—iz)
1 TtanhflT Aytiz 1T Ypicl
PE1 Vet ir (Pt (O 2 dv
o
(—oo Lz ™) (4.5)
3) The following expansion represents & generalization of (4.5)
1 - (— o0 L 7 < 00) (4.6)
V& +a+1
oo » . . - .
TtanhStT P_./’H1 (ia) + P_,/‘“.' (—ia) P_,,’_,,h (iz) + P-'/,+h (— ix)
- 2“8%73!? P-’/ﬁiv (0) 9 P

0

4) 1In conclusion we shall give an example of expansion of a function
possessing an infinite discontinuity

_f(@—a)  |z|<a
f(x)-{ 0 L 21>a 4.7)
o P, , Py .
f(z)=n Scosh‘mn::rt P -l/.+i1:':(0) P_:,..,.h ( Va + 1) s () +2 =Hatd =i=) dv (4.8)

0

Although the assumption of plece-wise continuity of the function is vio-
lated in this case at the points x = + g , the expansion theorems (1.3) to
(1.5) remain valid.
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